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Classical methods are used to obtain expressions for the order and type of an 
entire harmonic function in terms of its derivatives at the origin. 
1. INTRODUCTION 
An arbitrary point of the Euclidean space R” (rz > 2) is denoted by x = 
(XI ,.“, xJ and we put 
/ x j = ($2 + *.. + x,2)112. 
Given a real-valued function q!~ on the interval (0, DJ) such that 4(r) -+ co as 
Y -+ co, we shall, as usual, define the order of 4 to be 
(so that 0 <,D < CD). 
If 0 < p < 03, then the type of + is defined by 
We denote by # the set of all nonconstant harmonic functions on R”. If 
h E X we write, for each positive Y: 
and define the order and type of h to be the order and type of M,(h, Y). (It is well 
known that M,(h, Y) 3 co as Y -+ co. See, for example [7, Sect. 2.71). 
r This work was supported by a grant from the Department of Education for Northern 
Ireland. 
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For each IZ-tuple a = (a, ). ..) a,) of nonnegative integers, we define 
For eachf E Cm(Rn) and nonnegative integer m, let the norm of the mth gradient 
off be given by 
(See [4] for a similar definition.) 
Fryant, in [6j, obtained an expression for the order and bounds for the type 
of an entire harmonic function in R3, in terms of the coefficients in the spherical 
harmonic expansion. His method involved the use of the Bergman B, integral 
operator. Here we give expressions for the order and type of h E &? in terms of 
I G&(O)1 f 
2. EXPRESSIONS FOR THE ORDER AND TYPE OF AN ENTIRE HARMONIC FUNCTIO?; 
The result for order is the following: 
THEOREM 2.1. Let h E s?, then the order of h is given by 
m log ?I2 
P = %2:p log(m!/j V,h(O)~) . 
This will follow from some lemmas. First, we define, for each continuous g on 
“andp>l, 
where S(Y) is the sphere of radius Y in R” centered at the origin, do is the surface- 
area element on S(Y), and c, is the surface area of S(1). 
LEMMA 2.2. Let h E X and p > 1. Then the order oj iMD(h, Y> is equal to the 
order of h and if h is of finite nonzeYo order, thelz the type of M,(h, Y> is equal to the 
type of h. 
This follows as for each h > 1: 
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the first inequality being a consequence of Holder’s inequality, the second being 
trivial, and the third coming from Harnack’s inequality. 
The following is well known. (See [5, p. 45; 2, Appendix 261). 
LEMMA 2.3. Let h E 2, then h = Cz=, H, where Hm is a homogeneous 
harmonic polynomial of degree m in P and the conaergence of the series is absolute 
and locally ur$oYm. We also have the orthogonality relation: 
s H,H, da = 0 (k f 0 SW 
The next result enables the classical methods in [3] to be used to prove 
Theorem 2.1. 
LEMMA 2.4. 
From Lemma 2.3 we have 
where the latter equality follows on using the homogeneity of the Hm . As Hm2 
is also homogeneous of degree 2m: 
gl xi 3 = 2mHm2. 
Thus denoting the open unit ball centered at the origin in R* by B and the n 
dimensional Laplacian xi”=, P/ax,2 by A, we obtain 
s S(1) 
H,z do = & s i xi T da 
S(1) .&=I 2 
by the divergence theorem. Hence 
s 
Hm2 do = 
1 
S(l) 2m(2m + fl - 2) f 
AHm2 du 
a) 
(2) 
on using the homogeneity of AHm2. 
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On using (2) m times and noting that AmHmz is constant we obtain 
I” 1 H,“du=- m/2) c,~‘~H,~(O). 
JSh) 2Zmm! r(m + nj2) 
It is easy to show by induction that if h is harmonic in R”, then 
in n and by Lemma 2.3 we have 
I V%h(0)l = ! VmHm(O)1 
The result of the lemma follows from (1) and (3)-(5). 
We next have: 
(4) 
(5) 
LEIVI~~A 2.5. Let $: (0, co) + (0, co) be given by 
where a, is nonnegative fey all m, k is a positive integer, and 5, is ~o~c~nstunt. 
Then the order of + is 
lim sup 
km log m 
m-353 log a;l ’ 
where 7.y a,! = 0, we interpret (km log m)/(log a;,“) as 0. 
The proof is essentially the same as [3, Theorem 2.2.21. 
Using Lemmas 2.4, 2.5, and 2.2 and the elementary fact that the order of 
:Ua(h, 1.) is equal to the order of MS(h, Y)~, we now have, writing p for the order 
of h, 
p = lim sup 
2m log m 
log b;l ’ 
where 
If p < “o, then 
lo% bii’ - lo% 
m!qm -t n/2) 
, V,h(O)jZ 
(m!)” _____ 
- log j V,h(O)j’ as 
m-+33 
using Stirling’s formula. 
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If p = co, then 
m log m 
lim sup log(m!/[ VJz(O)1) = O”, 
and Theorem 2.1 follows. 
If h is harmonic in R” and 0 < p < co we define 
v = I+) = lim sup m ( 
I vmw)l p’wz 
m-m m! > - 
THEOREM 2.6. Let h be harmonic in Rn and 0 < p -=L co. If 0 < v < co, 
then h is of order p and the type T is given by 
7 = 2-+(ep)-l v. 
If v = 0, then h has growth at most (p, 0) and if v = co, then h has growth at least 
(p, co) (where growth (p, T) means order p and type 7). 
The assertions about order and that if 0 < v < co, then T < 2-@(ep)-l v 
follow directly from 2.1, 2.4, 2.2 and the elementary fact that if h has nonzero 
finite order then the type of M,(h, Y) is equal to 4 type of Mz(h, T.)~, on using the 
methods of [3, Theorem 2.2.1012. 
Suppose 0 < v < CD. From 2.4 we have for all m E N 
Now 
r(ni2) r(m) = B(m, n/2) 
r(m + 42) 
= B(1, n,2) FI1 (1 + -+)-I t WY n/2) (1 + 2(mn_ l))(m-l) 
- B(1, n/2) eWnlz as m-+c0 
= 2A, say. 
Then (6) gives for m sufficiently large, 
From (7), Lemma 2.2, and using the method of [3, Theorem 2.2.107 we 
obtain 7 > 2-n/2(ep)-1 Y. 
z There is a misprint in the first part of the proof of 2.2.10 in [3]. 
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3. APPLICATION 
As a simple consequence of the above we prove: 
THEOREM 3.1. lf h E &? is of order p and type T such that p < I or p : I, 
T < 2-l/2; and / V,h(O)j is an integer fey each m E , then h is a po&nomial. 
(For another proof, see [l]). 
If p < 1, 2.1 gives m log m < log(m!/l V,h(O)!) for m sufficiently large, say 
m > ?no . 
For such m, 1 V,h(O)/ < m!/m”” -+ 0 as m + cr;, (e.g., by Stirling’s formula). 
As nt/qrn~!)“” -+e as m-t co, we can write v as 
v = ep liz:zp ml-O 1 VJZ(O)~~~~ 
and hence rf h E X has finite nonzero order p, Theorem 2.6 gives the type r of h 
as 
T = @-12--Pi2p--1 lim sup ml--p \ KJ,h(0)iP~m. 
m+n 
From (8) if p = 1, 7 < 2-ria, then 
and hence again 
/ V,h(O)l --f 0 as m --* co‘ 
Thus as V&(O)1 is a nonnegative integer, V,,h(O): = 0 for sui-ticientiy 
large m which gives the result. 
Sfp = 1, 7 = 2-112, the result is false. For example 21,‘2 Re exp(2-%z) in 
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